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Dual meson condensates in the Polyakov-loop enhanced linear sigma model
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(Dated: August 28, 2018)
Whether dual meson condensates can indicate deconfinement are investigated in a Polyakov-loop
enhanced linear sigma model by imposing the twisted boundary conditions. It is confirmed that the
rapid rise of the dual sigma condensate with T at zero density is driven by the chiral transition, no
matter the Polyakov-loop dynamics and or the Dirac-sea contribution are included or not. For finite
isospin chemical potential µI > mpi/2, the dual sigma condensate shows abnormal thermal behavior
which decreases with T below the melting temperature T I3c of pion superfluidity; On the other hand,
even the dual pion condensate always increases with T , its maximum slope locates exactly at T I3c
rather than the deconfinement temperature TPc determined by the Polyakov-loop. The dual vector
meson condensate for µI > mpi/2 is also calculated. This quantity is more sensitive to the chiral
transition when taking into account the Dirac-sea contribution. Our study further suggests that
it should be cautious to use the dual observables as indicators of deconfinement, at least in QCD
models.
PACS number(s): 12.38.Aw; 11.30.RD; 12.38.Lg;
I. INTRODUCTION
Understanding the confinement-deconfinement phase
transition at finite temperature and density is a very im-
portant task in high energy nuclear physics. However, it
is conceptually difficult to define a relevant order param-
eter in QCD. So far, how to describe the deconfinement
transition is still a subtle problem.
In the heavy quark limit, the expectation value of the
Polyakov-loop (PL) is the true order parameter for de-
confinement, which is directly related to the center sym-
metry. Usually, PL is also extensively used to indicate
the quark deconfining transition in lattice QCD (LQCD)
[1–4] and effective models [5], even though the center
symmetry is badly broken by light quarks. Besides PL,
some other quantities or criteria are also proposed and
used to determine the deconfinement transition in the
literature. These include the QCD-monopole in the dual
Ginzburg-Landau theory [6], the center vortex [7], the
PL fluctuation [8], the entropy in the framework of a hy-
brid model [9], the quark number holonomy based on the
topological picture [10, 11] and so on.
Recently, the dressed PL (DPL) is suggested as an
appropriate order parameter for deconfinement in QCD
[12, 13]. This quantity is defined as the first Fourier
moment of the quark condensate obtained under the
twisted boundary condition for fermions. In lattice lan-
guage, DPL includes contributions of infinite closed loops
with winding number one around the temporal direction.
Thus it transforms in the same manner as PL under the
center transformation (PL only includes the shortest loop
contribution). For infinite quark masses, DPL reduces to
PL since the spacial fluctuations are suppressed 1.
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1 One can construct many dual observables which belong to the
One merit of DPL is that it interpolates between the
quark condensate and PL, which may imply some intrin-
sic relation between chiral transition and deconfinement.
Another is that it can also be calculated in some QCD
models. The previous investigations in LQCD [12–14],
the truncated Dyson-Schwinger equations (tDSE) [16–19]
and Nambu-Jona-Lasinio (NJL) type models [20–22] all
indicate DPL exhibits the order parameter-like behavior,
just as PL. The coincidence of the two phase transitions,
namely T χc ≈T
D
c , is obtained in these studies.
Since the center symmetry is seriously broken, one may
ask to what extent DPL can indicate deconfinement in
QCD. Model studies may shed some light on this ques-
tion. A particularly noticeable calculation [22] is that
DPL obtained in NJL is very similar to the lattice re-
sult: it increases with T and changes rapidly near T χc .
Since NJL has no gluon fields, such a rapid rise should
have little relation with center symmetry. Actually, a
Ginzburg-Landau analysis [23] manifests that it is totally
driven by chiral transition. Subsequent studies [24, 25]
using NJL variants with different confining elements ob-
tain the similar conclusion. It is found that the rapid rise
of DPL has no effect on the change of confining proper-
ties of the quark propagator [24]. By considering gluon
degrees of freedom with center symmetry, it is confirmed
that the rapid rise of DPL is still determined by chiral
restoration rather than the increase of PL in [25], where
PNJL [26, 27] is used 2. Moreover, Ref. [25] shows that
for µI > mpi/2, the dual pion condensate (DPC) behaves
similarly as PL, while DPL decreases with T until the
pion condensate melts away. All these suggest that DPL
calculated in NJL type models should not be regarded as
the deconfinement order parameter.
same class as PL under the center transformation [14, 15].
2 Dual quark condensates in PNJL are first calculated by Kashiwa
in [20], where the role of vector interaction is addressed.
2This raises a question: Whether DPL is merely sen-
sitive to the chiral transition in QCD? If so, using this
quantity to conclude the coincidence of chiral restora-
tion and deconfinement should be problematic. In this
sense, it is necessary to first check whether the above
NJL conclusion also holds in other QCD models, espe-
cial those with hadron degrees of freedom. The main
purpose of this work is to try to extract DPL in the
PL augmented linear sigma model (PLσM) of QCD (also
known as PQM) and compare it with the NJL results in
[23–25].
PLσM [31] is a popular chiral model which has been
extensively used to explore the QCD phase transitions.
Different from PNJL, this model includes three types of
degrees of freedom: quarks, mesons, and gluons. The
philosophy of PLσM is that quarks and gluons are rel-
evant objects for T > Tc, while mesons play the domi-
nant role in low temperatures. Compared to NJL, the
LσM part in PLσM has the merit of renormalizability.
It is argued that PLσM is more suitable to study the
QCD phase diagram than PNJL at low baryon density
[5]. In the literature, (P)LσM is also frequently employed
to study the inhomogeneous chiral condensates at high
baryon density [34] and the chiral transition in a mag-
netic field [35]. However, this model is seldom used to
study the physics at imaginal chemical potential.
Since LσM can be viewed as a partially bosonized ver-
sion of NJL in a certain sense, the dual observables re-
lated to some quark bilinears may be assessed indirectly
through studying the corresponding meson condensates
in (P)LσM by imposing the twisted boundary conditions.
In this article, DPL and DPC mentioned above are eval-
uated in PLσM by researching the dual sigma and pion
condensates at the mean field level. Beyond [25], the dual
vector meson condensate related to the isospin density is
also calculated.
Unlike (P)NJL, the Dirac-sea contribution is not nec-
essary for the dynamical chiral symmetry breaking in
(P)LσM. There exists subtlety on how to treat this term
in (P)LσM, which is ignored in [31, 32] but taken into
account in [33]. In our calculation, both treatments are
adopted and compared. The paper is organized as fol-
lows. In Sec.II, the dual meson condensates for both
zero µI and µI > mpi/2 in PLσM are introduced, where
the twisted boundary condition is used. The numerical
results and discussion are given in Sec.III. In Sec.IV, we
summarize.
II. DUAL CONDENSATES IN PLσM WITH
TWISTED BOUNDARY CONDITION
A. Two flavor PLσM at finite µ and µI
We adopt the following lagrangian density of the two-
flavor PLσM [36]
L = q¯S−10 q +
1
2
(∂µσ)
2
+
1
2
(∂µ~π)
2
− U (σ, ~π)
−
1
4
ωµνωµν −
1
4
~Rµν ~Rµν +
1
2
m2v(ω
µωµ + ~R
µ · ~Rµ)
−U
(
Φ, Φ¯, T
)
(1)
with
S−10 = iγ
µDµ − g (σ + iγ5~τ · ~π)− gωγ
µωµ − gργ
µ~τ · ~Rµ,
(2)
where q denotes the quark field, ~τ is the Pauli matrix in
the flavor space. The mesonic potential U is given as
U(σ, ~π) = λ(σ2 + ~π2 − v2)2/4− hσ, (3)
therein σ and ~π are the isoscalar-scalar and isovector-
pseudoscalar meson fields. The vector meson degrees of
freedom are also taken into account and ωµν and ~Rµν
are the field tensors of ω and ρ mesons, respectively. The
term U
(
Φ, Φ¯, T
)
is the PL potential, which respecting
the Z(3) center symmetry.
In PLσM, the quark chemical potential µ is introduced
in the same way as in QCD. However, the introduction of
µI is quite different. Under the isospin U(1)I3 transfor-
mation, the quark and pion fields change in the following
way:
q −→ eiτ3θq, q† −→ e−iτ3θq†, π± −→ e
∓i2θπ±. (4)
The corresponding conserved current takes the form
J3µ = q¯τ3γµq + 2i(π−∂µπ+ − π+∂µπ−), (5)
where
π± = π1 ± iπ2. (6)
Accordingly, µI can be introduced by adding the term
µII
3 to the Hamiltonian, where the associated conserved
charge is
I3 =
∫
d3~x(q¯τ3γ0q + π1∂tπ2 − π2∂tπ1). (7)
The lagrangian density (1) is then modified at finite µ
and µI by the following replacements
S−10 → S
−1
0 + γ0µ̂, (8)
and
(∂µ~π)
2
→ (∂µπ0)
2
+ ((∂µ + 2µIδ
0
µ)π+)(∂µ + 2µIδ
0
µ)π−,
(9)
where
µˆ =
(
µu
µd
)
=
(
µ+ µI
µ− µI
)
. (10)
The reason for the appearance of µ2Iπ+π− in (9) is that
the generalized momentums of pion fields has been inte-
grated out according to the standard derivation [37].
3The phase diagram of a two-flavor LσM at finite µ,
µI and T has been investigated in [38], where the pion
superfluid phase is also studied. Note that the effects
of the PL dynamics and vector mesons are all ignored
in that work. Taking into account these elements and
following the treatment in [39], we derive the mean field
thermal potential of PLσM at finite µ and µI
Ω = −2Nc
∫
d3p
(2π)3
[
E−p + E
+
p
]
θ(Λ2 − ~p2)
−2T
∫
d3p
(2π)3
{
ln
[
1 + 3
(
Φ+ Φ¯e−(E
−
p
−µ′)β)e−(E−p −µ′)β
+e−3(E
−
p
−µ′)β
]
+ ln
[
1 + 3
(
Φ¯ + Φe−(E
−
p
+µ′)β)e−(E−p +µ′)β
+e−3(E
−
p
+µ′))β
]
+ ln
[
1 + 3
(
Φ+ Φ¯e−(E
+
p
−µ′)β)e−(E+p −µ′)β
+e−3(E
+
p
−µ′)β
]
+ ln
[
1 + 3
(
Φ¯ + Φe−(E
+
p
+µ′)β)e−(E+p +µ′)β
+e−3(E
+
p
+µ′)β
]}
− 2µIπ
2 −
1
2
(M2ωω
2 +M2ρR
2)
+U (σ, π) + U(Φ, Φ¯, T ), (11)
with the quasi particle energy E±p =
√
(Ep ± µ′I)
2 +N2
and Ep =
√
~p2 +M2 in which the two energy gaps are
defined as
M = gσ, (12)
N = gπ. (13)
Here (also in the following) σ and π refer to the vacuum
expectation values (VEVs) of the sigma and charged pion
mesons and the later is defined as
π = 〈π+〉e
iθ′ = 〈π−〉e
−iθ′ . (14)
Nonzero π indicates the spontaneous breaking of the
U(1)I3 symmetry and the phase factor θ
′ is the breaking
direction. µ′ and µ′I are the shifted quark and isospin
chemical potentials
µ′ = µ− gωω, µ
′
I = µI − gρρ, (15)
where ω and ρ denote the VEVs of ω and ρ0 mesons
ω = 〈ω0〉, ρ = 〈R
3
0〉, (16)
respectively.
In this paper, we only consider the situation with finite
µI and vanishing µ. In this case, Φ equals to Φ¯ strictly
[39] and it is free from the sign problem even in the lattice
simulation. The reason for the later is that τ2γ5Dγ5τ2 =
D† which ensures detD ≥ 0[30], where D is the Dirac
operator. Minimizing the thermal dynamical potential
(11), the motion equations for the mean fields σ, π, Φ
and ρ are determined by
∂Ω
∂σ
= 0,
∂Ω
∂π
= 0,
∂Ω
∂Φ
= 0,
∂Ω
∂ρ
= 0. (17)
This set of equations is then solved for the fields σ, π, Φ
and ρ as functions of T and µI .
B. Two flavor PLσM at finite µI with twisted
boundary condition
To calculate the dual observables, we must adopt the
twisted boundary condition in time direction for quarks
q(x, β = 1/T ) = eiφq(x, 0), (18)
where φ ranges from zero to 2π. Under this condition,
the modified quark chemical potential µ′ in (11) should
be replaced by iT (φ−π) [12, 15, 20], which is nothing but
an imaginary baryon chemical potential. There is no sign
problem for purely imaginary baryon chemical potential
since
detD(µ) = det[γ5D(µ)γ5] = det
∗D(−µ∗). (19)
For details on lattice simulations at finite µI and imaginal
µ, please refer to [28, 29].
Strictly speaking, µ′ at φ 6= π should contain an imag-
inal part gωω, even µ is zero
3. Such a term is ignored in
our calculation. It has been shown in [20] that a similar
term in PNJL has little effect on DPL near T χc . Note
that µ′I is always real because the imaginary parts of µ
′
u
and µ′d cancel each other out. This means ρ is still real
for φ 6= π. This quantity resembles the isospin density in
NJL with vector interactions [25].
In the standard definition of DPL [12, 13], the twisted
boundary condition is imposed on the Dirac operatorDφ,
and the bracket 〈···〉 still keeps the antiperiodic condition
with φ = π. So in our calculation, Φ as a function of T
and µI is first obtained by solving (17) using the phys-
ical boundary condition. The other quantities, such as
σ(φ), π(φ) and ρ(φ) are then determined by the following
coupled equations
∂Ω
∂σ(φ)
= 0,
∂Ω
∂π(φ)
= 0,
∂Ω
∂ρ(φ)
= 0, (20)
with Φ keeping its value for φ = π. Such a treatment is
consistent with [20, 25].
C. Dual meson condensates at finite µI
According to [12], DPL is defined as
Σ(1)σ = −
∫ 2pi
0
dφ
2π
e−iφ〈q¯q〉φ, (21)
where 〈q¯q〉φ is the generalized quark condensate. Simi-
larly, the dual pion condensate
Σ(1)pi = −
∫ 2pi
0
dφ
2π
e−iφ〈q¯iγ5τ1q〉φ (22)
3 In PLσM, ω is closely related to the dual density proposed in
[15].
4is introduced in [25]. Both (and also the dual density pro-
posed in [15]) are gauge invariant, which merely including
contributions of closed loops with wingding number one.
As mentioned, they belong to the same class as PL under
the Z(3) center transformation.
Following (21) and (22), we can construct the dual
sigma condensate (DσC) and the dual pion condensate
(DπC) in PLσM, namely
Σ1σ =
∫ 2pi
0
dφ
2π
e−iφσ(φ), (23)
and
Σ1pi =
∫ 2pi
0
dφ
2π
e−iφπ(φ). (24)
Since the VEVs of meson fields are gauge invariant, the
first moments of σ(φ) and π(φ) also belong to the same
class as PL under the center transformation. Evidently,
DσC and DπC correspond to Σ
(1)
σ and Σ
(1)
pi , respectively.
The main task of this work is to test whether these dual
meson condensates could be used as order parameters for
deconfinement in PLσM.
Besides DσC and DπC, we can also define the dual
vector meson condensate (DρC) in PLσM, namely
Σ1ρ = −
∫ 2pi
0
dφ
2π
e−iφρ(φ). (25)
This quantity is nonzero at finite T and µI (or zero T
for µI > mpi/2). As mentioned, ρ(φ) corresponds to
the isospin density 〈q¯γ0τ3q〉φ in QCD or NJL with vec-
tor interactions. In this sense, Σ1ρ is analogous to the
dual density proposed in [15]. It is interesting to check
whether this dual isospin density can be used to indicate
the deconfinement transition.
D. Model parameters
Two sets of model parameters related to the (pseudo-
) scalar mesons are used in our calculations. The first
is adopted from [32], where the fermion vacuum con-
tribution is ignored. Namely, g = mq/fpi, λ = (m
2
σ −
m2pi)/(2f
2
pi), v
2 = f2pi − h/(λfpi), and h = m
2
pifpi with
mpi = 138 MeV, mσ = 600 MeV, 〈σ〉 ≡ fpi = 93 MeV
andmq = 300 MeV. The second is taken from [33], where
the Dirac-sea contribution is included and the momen-
tum cutoff Λ = 600 MeV is used. The parameters g, λ, v
are fixed as g = 3.60, λ = 3.06, and v2 = −(578)2 MeV2
respectively.
The same parameters related to vector mesons are used
in both cases. For simplicity, we assume gω = gρ
4, which
4 In general, gω is different from gρ which may leads to flavor
mixing at finite µI [40].
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FIG. 1: Twisted angle dependence of the generalised sigma
condensate at different temperatures for zero µI in PLσM.
The upper (lower) panel is obtained by ignoring (considering)
the Dirac-sea contribution.
is fixed as 0.25g. We have checked that our main con-
clusion is insensitive to gρ. We also assume the common
vector meson masses (mω = mρ = 770 MeV). The loga-
rithm PL potential [27] is adopted. It has been reported
that this type of U can reproduce the LQCD data at
finite imaginary chemical potential, but the polynomial
one does not [20]. Following [20, 25], the parameter T0
in the logarithm potential is fitted as 200 MeV.
III. NUMERICAL RESULTS AND
DISCUSSIONS
A. Dual sigma condensate for zero µI in PLσM
The thermal properties of DσC and its relation with σ
and PL are first investigated at zero µI in PLσM. The re-
sults obtained by ignoring (including) the Dirac-sea con-
tribution are shown in the upper (lower) panel of each
figure in this subsection.
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FIG. 2: The normalized PL, sigma condensate and dual
sigma condensate as functions of T for zero µI in PLσM. The
upper (lower) panel is obtained by ignoring (considering) the
Dirac-sea contribution.
1. φ-dependence of the sigma condensate
Figure.1 shows the generalized sigma condensate as a
function of the twisted angle φ at different fixed temper-
atures. We see that at low temperatures, σ is insensitive
to φ and the line of σ(φ) is almost flat in both panels.
With increasing T , σ decreases in the fermion-like region
(φ ∼ π) but increases in the boson-like region (φ ∼ 0 or
2π). These features are qualitatively consistent with that
of the generalised quark condensate calculated in LQCD
[12], truncated Dyson-Schwinger method [17], and PNJL
[20].
2. Thermal property of the dual sigma condensate
The normalised DσC, PL and σ as functions of T are
shown in Fig.2. Both panels display that DσC increases
monotonically with T . We notice it is quite small at low
temperature and raises rapidly in the chiral transition
region, no matter whether the Dirac-sea contribution is
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FIG. 3: T-derivatives of the PL, sigma condensate and dual
sigma condensate as functions of T for zero µI in PLσM. The
upper (lower) panel is obtained by ignoring (considering) the
Dirac-sea contribution.
included or not. This means DσC in PLσM really be-
haves like DPL obtained in LQCD and other methods at
zero µ.
The T -derivatives of quantities shown in Fig.2 are dis-
played in Fig. 3. In this paper, the slope maximum is
used to identify the critical temperature. Fig. 3 indicates
that the T -derivative of PL has only one peak, which in-
dicating the deconfinement temperature TPc . Differently,
each of the slopes of σ and DσC has double peaks: the
former locates at TPc and T
χ
c , respectively, and the latter
TPc and T
dσ
c . Both panels in this figure show that the
slope maximum of DσC is at T dσc rather than T
P
c and
T dσc ≈ T
χ
c . The coincidence of T
dσ
c and T
χ
c implies DσC
is more sensitive to the drop of σ rather than the increase
of PL.
We confirm that DσC in LσM shows the similar T -
dependence, even no center symmetry is considered. In
this case, the T -derivative of DσC peaks exactly at T χc (in
the chiral limit). This implies that the rapid rise of DσC
is also totally driven by the chiral transition. Since DσC
corresponds to DPL, we conclude that the main result
in [23, 24] that DPL in NJL type models without center
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FIG. 4: The twisted angle dependences of σ, pi and ρ at
µI = 80 MeV for different temperatures in PLσM. The Dirac-
sea contribution is ignored.
symmetry only reflects the chiral transition is also sup-
ported by LσM with quarks fields. Figs. 2-3 demonstrate
that such a conclusion is still valid in PLσM.
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FIG. 5: The twisted angle dependences of σ, pi and ρ at
µI = 80 MeV for different temperatures in PLσM. The Dirac-
sea contribution is included.
B. Dual meson condensates for nonzero µI in
PLσM
We then extend the study to µI > mpi/2 to check
whether the PNJL result in [25] holds in PLσM too. Be-
sides DσC, the thermal properties of DπC and DρC are
also investigated.
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FIG. 6: The temperature dependences of the normalized
conventional Polyakov-loop, sigma condensate, pion conden-
sates, isospin density and their corresponding dual parters at
µI = 80 MeV in PLσM. The upper (lower) panel is obtained
by ignoring (considering) the Dirac-sea contribution.
1. φ-dependences of the meson condensates
The generalized meson condensates σ, π and ρ as func-
tions of φ for µI = 80 MeV at different temperatures are
shown in Fig. 4, where the quark Dirac-sea contribution
is ignored.
Figure. 4.a displays that in the fermion-like region,
σ(φ) is a concave line for T > T I3c (the melting tem-
perature of pion superfluidity), but it becomes a convex
one for T < T I3c . This is distinct with Fig. 1.a, where
only concave curves emerge. The difference can be traced
back to the fact that σ(φ ∼ π) first increases and then
decreases with T near T I3c
5. Moreover, this panel shows
σ decreases with T near φ = 0, which is also different
from Fig. 1.a.
Figure. 4.b shows that the φ-dependence of π is quite
5 This is also observed in [39] and other chiral model studies [41,
42]. The reason for such an anomaly is that comparing to the
decline of
√
σ2 + pi2, pi drops more significantly with T near T I3c .
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FIG. 7: T-derivatives of the conventional Polyakov-loop,
sigma and pion condensates, dual sigma and pion conden-
sates, dual isospin density as functions of T at µI = 80 MeV
in PLσM . The upper (lower) panel is obtained by ignoring
(considering) the Dirac-sea contribution.
analogous to that of σ displayed in Fig. 1.a. The similar-
ity can be understood in this way: For µI > mpi/2, the
sigma condensate partially turns into the pion conden-
sate, and thus the later inherits some properties of the
former. Such a transformation also leads to an obvious
modification of σ(φ), as demonstrated in Fig. 4.a.
The φ-dependence of ρ is shown in Fig. 4.c. This quan-
tity is also insensitive to φ at low temperatures. With in-
creasing T , it decreases near φ ∼ π but increases around
φ ∼ 0. Thus only convex lines appear in Fig. 4.c.
Figure. 5 shows the same quantities obtained by in-
cluding the Dirac-sea contribution. We see that the φ-
dependence of σ in the fermion-like region is analogous
to that in Fig. 4.a. In the boson-like region, σ increases
with T for a fixed φ, which is different from Fig. 4.a. The
φ-dependences of π and ρ are all similar to that in Fig. 4.
Note that as functions of φ, π and σ for µI > mpi/2
in PLσM with the vacuum contribution are qualitatively
consistent with the corresponding PNJL results in [25].
82. Thermal behaviors of dual meson condensates
Three dual meson condensates and other three
(pseudo-) order parameters as functions of T for µI =
80MeV are shown in Fig. 6. The corresponding T -
derivatives are displayed in Fig. 7. The numerical results
obtained by ignoring (considering) the Dirac-sea contri-
bution are still exhibited in the upper (lower) panel of a
figure.
Figure. 6.a indicates that π (Φ) decreases (increases)
monotonically with T , but σ first increases with T up to
T ∼ 170MeV and then decreases. Similar T-dependences
are observed in Fig. 6.b (σ raises very slowly up to
T ∼ 200MeV and then declines). As mentioned, the un-
natural thermal behavior of σ is due to the fast dropping
of pion condensate. Fig. 6 shows that DπC and DρC re-
ally behave like PL. In contrast, DσC first decreases with
T and then increases, which is quite different from PL,
DπC, and DρC.
The abnormal T -dependence of DσC can be attributed
to the non-concave lines of σ(φ) displayed in Figs.4-5, or
the unusual T-dependence of σ mentioned above. Ac-
tually, Fig. 6 clearly shows that when σ increases with
T , DσC decreases, and vice versa. This is further evi-
dence that DσC is quite sensitive to σ but not PL, since
the later always increases with T . Such an anomaly is
in agreement with the PNJL result in [25], where DPL
exhibits the similar thermal behavior.
Accordingly, the maximum of the DσC slope still lo-
cates around T χc , as shown in Fig. 7. The upper panel
of this figure displays each of the slopes of π, DπC, and
PL has only one peak and the corresponding critical tem-
peratures T I3c , T
dpi
c , and T
P
c almost have the same value.
Note that here T dpic ≈ T
P
c is just a coincidence. Actually,
the lower panel shows that when taking into account the
Dirac-sea contribution, T dpic determined by the maximum
of the DπC slope is considerably larger than TPc , but T
dpi
c
still equals to T I3c . So we conclude that T
dpi
c just denotes
the melting temperature of pion condensate, even DπC
behaves like PL. This is also in agreement with the PNJL
result [25].
Figure. 7 displays that the T -derivative of DρC peaks
near TPc and T
χ
c , respectively. The upper panel indicates
T ρc ≈ T
P
c , but the lower one exhibits T
ρ
c ≈ T
χ
c . Here T
ρ
c
denotes the location of the highest peak. This implies
DρC is more sensitive to σ (PL) with (without) the Dirac-
sea contribution. We have checked that the result T ρc ≈
T χc is supported by PNJL. We thus argue that T
ρ
c ≈
TPc should be an artifact of PLσM without the vacuum
contribution.
C. Discussions
Our calculations suggest that the slope of each dual
meson condensate exhibits double peaks in PLσM and
the lower one is determined by PL. This is similar to the
T -derivative of the corresponding meson condensate. In
this sense, the dual meson condensates obtained in the
two-flavor LσM of QCD are not qualified order parame-
ters for deconfinement, even the center symmetry is con-
sidered. This conclusion is consistent with NJL studies
[23–25].
The similar results in PLσM and PNJL may be indica-
tive for QCD. First, the center symmetry is severely vio-
lated. So it is very likely that some dual observables, such
as DPL or DσC, are insensitive to deconfinement or PL,
unless the dynamical quarks are heavy enough. Second,
formally, the definition of DPL (DσC) is naturally related
to the quark (sigma) condensate. Thus it is not strange
that DPL (DσC) is more sensitive to the chiral transi-
tion. Such a viewpoint is supported by the recent study
of Dirac-mode expansion at imaginal chemical potential
[46]: it shows that even VEVs of some quark bilinears
can be expressed as PL and its conjugate for large quark
mass, the quark number density (also the quark conden-
sate) is still strongly dependent on low-lying Dirac-modes
for small quark mass 6. Thus it might be misleading to
conclude the coincidence of chiral restoration and decon-
finement through studying DPL (DσC).
Of course, PLσM and PNJL are just simple models
which may only partially reflect the possible relation be-
tween the (dynamically) center symmetry breaking and a
dual observable existing in QCD. So DPL or DσC mainly
indicates the chiral transition in [23–25] and our calcu-
lation may not really happen in QCD. In addition, the
investigations in PLσM and PNJL do not exclude the
possibility that some dual observables may be sensitive
to deconfinement but insensitive to chiral transition.
Generaly, deconfinement is associated with the libera-
tion of degrees of freedom, manifested by the rapid rise
in bulk thermodynamical quantities, such as the pres-
sure, energy density, etc. Among them, the appropriate
combinations of fluctuations and correlations of different
conserved quantum numbers, for example, χB2 − χ
B
4 and
χBS31 −χ
BS
11 , directly probe the liberation of quark degrees
of freedom [44, 45]. It is interesting to study whether dual
observables constructed from these bulk thermodynami-
cal quantities are sensitive to deconfinement. There is a
discussion on the dual pressure as the order parameter in
[47]. Further investigation on this topic is needed which
is beyond the scope of this paper.
Note that recent lattice calculations [3, 4] show that
in the temperature region where the quark condensate
drops rapidly, the renormalized PL is still quite small
(∼0.1 near T χc ) and changes quite mildly. This implies
there is no obvious connection between the chiral and de-
confinement transitions described in terms of these quan-
tities. In contrast, PL calculated in effective models is rel-
atively large near T χc , which reaching unity quickly. This
6 It is reported in [46] that the sign of the quark number density is
insensitive to low-lying Dirac-modes, which supports the quark
number holonomy [10] as the deconfinement indicator.
9discrepancy has been discussed recently by Pisarski and
Skokov in the chiral matrix model [43] 7 and the reason
is still unclear. On the other hand, the entropy of static
quark calculated in lattice simulation [4] suggests that
the deconfinement and chiral transitions happen in the
similar temperatures. Thus whether the chiral transition
and deconfinement have a close relation or not is still a
subtle problem and the sensitive probe of deconfinement
needs to be further investigated.
IV. CONCLUSION
Dual meson condensates as possible order parameters
for center symmetry are tested in PLσM. We mainly fo-
cus on the thermal property of the dual sigma conden-
sate. The dual pion and vector meson condensates at
µI > mpi/2 are also investigated. To our knowledge, this
is the first paper for employing PLσM at imaginal chem-
ical potential.
At zero density, we find that DσC really behaves like
the thin or dressed PL. Its rapid rise with T near T χc
is driven by the drop of σ rather than the increase of
PL. So the critical temperature determined by DσC just
indicates the chiral transition rather than deconfinement.
It is confirmed that LσM without center symmetry gives
the similar result.
For µI > mpi/2, DσC shows abnormal thermal behav-
ior: it first decreases with T and then increases, which
is distinct with PL. We reveal that DσC increases with
T when σ decreases, and vice versa. The anomaly is
a further evidence that DσC is quite sensitive to the
chiral dynamics but insensitive to the center symmetry.
In contrast, DπC and DρC still exhibit the similar T -
dependence as PL. We verify that the maximum slope of
DπC does not indicate deconfinement, but the restora-
tion of U(1)I3 symmetry. Analogously, when taking into
account the Dirac-sea contribution, the rapid rise of DρC
is driven not by deconfinement but by the chiral restora-
tion.
We thus conclude that the dual meson condensates are
not appropriate order parameters for deconfinement in
PLσM (also in LσM). Our results are qualitatively consis-
tent with the calculations of NJL at zero density [23, 24]
and PNJL at µI > mpi/2 [25]. We argue that the rea-
son can be attributed to either the fact that the center
symmetry is seriously broken by light quarks and thus
not all the dual observables are qualified order parame-
ters for deconfinement or the limitation of simple models
in which some intrinsic connection between the center
symmetry and a dual observable is ignored.
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